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General form of the HBM

HBM

yn+pi = yn + h

m∑
j=0

βi,jfn+pj , βi,j =

∫ pi

0
`j(τ)dτ

i = 1, 2, . . . ,m

Matrix Form A1Yn+1 = A0Yn + h(B0Fn +B1Fn+1)
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Sample HBM

Matrix Form A1Yn+1 = A0Yn + h(B0Fn +B1Fn+1)
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Numerical Experimentation

General autonomous systems

y′ = f(t, y) = cy + d

Fn+1 =


f
(
tn+ 1

3
, yn+ 1

3

)
f
(
tn+ 2

3
, yn+ 2

3

)
f (tn+1, yn+1)

 =


cyn+ 1

3
+ d

cyn+ 2
3
+ d

cyn+1 + d

 = c


yn+ 1

3

yn+ 2
3

yn+1


︸ ︷︷ ︸

Yn+1

+


d

d

d


︸︷︷︸
d

= cYn+1 + d

A1Yn+1 = A0Yn + h(B0Fn +B1Fn+1)

A1Yn+1 = A0Yn + hB0(cYn + d) + hB1(cYn+1 + d)

Yn+1 = PYn +Q

where P = (A1 − chB1)
−1(A0 + chB0), Q = h(A1 − chB1)

−1(B0 +B1)d
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Numerical Experimentation

General non-autonomous systems

y′ = f(t, y) = c(t)y + d(t)

Fn+1 =


f
(
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3
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3

)
f
(
tn+ 2

3
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3

)
f (tn+1, yn+1)

 =


c
(
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3

)
yn+ 1

3
+ d

(
tn+ 1

3

)
c
(
tn+ 2

3

)
yn+ 2

3
+ d

(
tn+ 2

3

)
c (tn+1) yn+1 + d (tn+1)



=


c
(
tn+ 1

3

)
0 0

0 c
(
tn+ 2

3

)
0

0 0 c (tn+1)


︸ ︷︷ ︸

cn+1


yn+ 1

3

yn+ 2
3

yn+1


︸ ︷︷ ︸

Yn+1

+


d
(
tn+ 1

3

)
d
(
tn+ 2

3

)
d (tn+1)


︸ ︷︷ ︸

dn+1

A1Yn+1 = A0Yn + h(B0Fn +B1Fn+1)

Yn+1 = PnYn +Qn

where Pn = (A1−hB1cn+1)
−1(A0+hB0cn), Qn = h(A1−hB1cn+1)

−1(B0dn+B1dn+1)
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Numerical Experimentation

Autonomous system (time-invariant)

dy

dt
= 2y + 4, y(0) = 1, Exact: y(t) = 3e2t − 2

c = 2 and d = 4 and Yn+1 = PYn +Q
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Matrix structure

yn+pi = yn + hpi, tn+pi = tn + hpi, i = 1, . . . ,m

t0 t1 t2 t3 tn tn+1 tN−1 tN

I0 I1 I2 In IN−1

tn tn+1

tn+p1 tn+p2 tn+pm

T =


t0 tp1

t1+p1
t2+p1

· · · tN−1+p1

t0 tp2
t1+p2

t2+p2
· · · tN−1+p2

...
...

...
... · · ·

...
t0 tpm

t1+pm
t2+pm

· · · tN−1+pm



Y =


y0 yp1

y1+p1
y2+p1

· · · yN−1+p1

y0 yp2 y1+p2 y2+p2 · · · yN−1+p2

...
...

...
... · · ·

...
y0 ypm y1+pm y2+pm · · · yN−1+pm
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Results: Autonomous system example

Autonomous system (time-invariant)

dy

dt
= 2y + 4, y(0) = 1, Exact: y(t) = 3e2t − 2
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Results: Non-autonomous system example

Non-autonomous system

dy

dt
= 2ty + 4t, y(0) = 1, Exact: y(t) = 3et

2 − 2
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Results: Stiff example

Non-autonomous system (stiff equation)

dy

dt
= −50(y − cos t), y(0) = 0,

Exact: y(t) =
50
(
−50e−50t + sin(t) + 50 cos(t)

)
2501

0 0.5 1 1.5

0

0.2

0.4

0.6

0.8

1

1.2

numerical

exact

(a) Method A

0 0.5 1 1.5

0

0.5

1

1.5

numerical

exact

(b) Method B

Figure: Solution Profile
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Results: Stiff example
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En = |y(tn+pi)− yn+pi |∞, i = 1, 2, . . . ,m
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Example from Chaos Theory

Consider the Lorenz system given by

ẏ1 = a(y2 − y1), y1(0) = 1
ẏ2 = −y1y3 + by1 − y2, y2(0) = 5
ẏ3 = y1y2 − cy3, y3(0) = 10

The parameters of the iteration scheme are

c1(t, y1, y2, y3) = −a, d1(t, y1, y2, y3) = ay2,

c2(t, y1, y2, y3) = −1, d2(t, y1, y2, y3) = by1 − y1y3,
c3(t, y1, y2, y3) = −c, d3(t, y1, y2, y3) = y1y2

c1, c2 and c3 are coefficients of y1, y2 and y2, respectively
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Sample Matlab code: Lorenz equation

1
2 a = 10 ; b = 28 ; c = 8/3 ;
3 c1 = @(t , y1 , y2 , y3 )=a ;
4 d1 = @(t , y1 , y2 , y3 ) a*y2 ;
5 c2 = @(t , y1 , y2 , y3 )=1;
6 d2 = @(t , y1 , y2 , y3 )b*y1 = y1*y3 ;
7 c3 = @(t , y1 , y2 , y3 )=c ;
8 d3 = @(t , y1 , y2 , y3 ) y1*y2 ;
9

10 Nt = 4000 ; t0 = 0 ; tT = 40 ;
11 h = (tT = t0 ) /Nt ;
12 t = l i n s p a c e ( t0 , tT , Nt+1) ;
13 %i n i t i a l c o n d i t i o n s
14 y10 = 1 ; y20 = 5 ; y30 = 10 ;

S.S. Motsa NAISSMA2022



Figure: Time series solution of the Lorenz equation
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Figure: Phase portraits of the Lorenz equation


